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Beginning with Chapter ??, this book makes considerable use of the formalism of di-

rected acyclic graphical models, or Bayesian networks (Bayes nets). In a few
pages we cannot to do justice to the diversity of work within this formalism, but this appendix
introduces the formalism and a few critical accompanying concepts.

In the general case, graphical models are a set of formalisms for compactly expressing
different types of conditional independence relationships between an ensemble of random
variables. A graphical model on an ensemble X1, . . . , Xn is literally a graph with one node
for each random variable Xi, and in which each node may or may not be connected to each
other node. The class of directed graphical models is those graphical models in which all
the inter-node connections have a direction, indicated visually by an arrowhead. The class
of directed acyclic graphical models, or DAGs (or Bayes nets), is those directed graphical
models with no cycles—that is, one can never start at a node Xi and, by traverse edges in
the direction of the arrows, get back to Xi. Bayes nets are the only type of graphical model
that you’ll see in this book. Figure 1 shows examples of several different types of graphical
models.

The structure of a given DAG encodes what conditional independencies hold among the
variables in the ensemble X1, . . . , Xn. First a bit of nomenclature. The parents of a node Xi

are the nodes that are pointing directly to it—in Figure 1d, for example, the parents of X5 are
X3 and X4. The ancestors of a node are all the nodes that can be reached from the node
by traveling “upstream” on edges in the direction opposite to the arrows—in Figure 1d, for
example, all other nodes are ancestors of X5, but X4 has no ancestors. In a DAG, any node
Xi is conditionally independent of its non-parent ancestors given its parents. For example, in
Figure 1d, we have that X5 ⊥ {X1, X2} | {X3, X4}. This conditional independence simplifies
the factorization of the joint probability distribution into smaller components. For example,
we could simply use the chain rule (Section ??) to write the joint probability distribution
for Figure 1d as follows:

P (X1...5) = P (X5|X1, X2, X3, X4)P (X4|X1, X2, X3, X4)P (X3|X1, X2)P (X2|X1)P (X1)

but we can use the conditional independencies to simplify this, because P (X5|X1...4) =
P (X5|X3...4), P (X4|X1...3) = P (X4), and P (X2|X1) = P (X2), giving us
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Figure 1: Different classes of graphical models

P (X1...5) = P (X5|X3, X4)P (X4)P (X3|X1, X2)P (X2)P (X1)

which is much simpler.
When conducting statistical inference in DAGs, it is often the case that we observe the

more “downstream” variables and need to infer some of the more “upstream” variables. This
calls for Bayesian inference. As an example, in Figure 1d suppose that we observe (or choose
via prior knowledge) all variables except X3. To draw inferences about X3, we’d use Bayes
rule:

P (X3|X1, X2, X4, X5) =
P (X5|X3X4)P (X3|X1, X2)

P (X5|X1, X2, X4)
(1)

If we wanted to compute the denominator of Equation 1, we’d need to do it by marginalizing
over the value of X3.

For further reading, some key sources are Pearl (1988, 2000); Jordan (1998); Russell and Norvig
(2003, Chapter 14); Bishop (2006, Chapter 8).
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