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Many physical and chemical data can be summarized by equations of 
the type 

y = a + bx + cs2 + gs3 

but the labor of accurate reduction by the method of least squares is too 
frequently discouraging or even prohibitive. 

In  the special case in which the successive values of 2 are in arithmetic 
progression, the calculation of the parameters of the power series can be 
much abbreviated. If an arbitrary origin is set in the middle of the range 
of observations, then for every positive value of s there will be a corre- 
sponding negative value of equal absolute magnitude and the sums of the 
odd powers of z will all be zero. The equation given above would then 
be altered to 

y = A + BX + CX2 + G X 3  

in which the capital letters indicate that the equation has been referred to 
the arbitrary origin and X = x - h. 

Baily (1) has sKown that further abbreviation of the calculations can be 
made by extracting certain constant values which recur in the solution of 
the normal equations, such as those shown below for a third-order power 
series : 

z y  zx4 - z x 2 y  zx2 
2x4 2x0 - (zxy A =  

z x y  zx" - z x a y  zx4 
2x6 2x2 - (3X4)2 

B =  
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ZX2y ZXO - z y  zx2 
2x4 2x0 - (ZX2)2 C =  

ZX3y ZX2 - z x y  ZX4 
zxe 2x2 - (ZX4)Z G =  

In these formulae the factors in y must be derived from the observations, 
but those involving X alone, including the denominators, are independent, 
of the data. Baily (1) has tabulated the functions in 9. 

Use of the tables of Baily requires the determination of a quotient of 
the difference of two products. We have found that the calculation can 
be reduced to the difference of two products by the following consideration: 

zy ZX' - ZX2y zx2 
ZX4 zxo - ( Z x y  A =  

zx2 y zx2 
2x4 ZXO - (ZX2)Z 

- - Zy ZX' - 
ZX' 2x0 - (ZX2)Z 

= k3Zy - k4ZX2y 

in which 

zx' k -  - zx4zxo - (ZX2)Z 

and 

ZX2 k -  - 2x4 2x0 - ( z x y  

Similarly, the values of such functions in X necessary for the derivation 
of equations of order lower or higher than the third can be obtained. We 
have calculated the values of k ,  necessary for the reduction of data to first-, 
second-, or third-degree equations through those required for fift y-one 
observations, as given in tables 1 and 2. 
IE table 3 are shown the products and differences of products used in 

the derivation of equations from data. The factors Sy, ZXy,  ZX*y, and 
ZXgy, as needed for the degree of the equation chosen, arc calculated from 
the data arranged with the midpoint as the origin. The factors k1 to ks,  
inclusive, are taken from table 1 if the number of observation< is odd; 
from table 2, if even. 

If the number of observations is even, the midpoint of the data is taken 
halfway between the two middle items, and half 811 interval is used as 
the unit. 

Equations derived by use of tables 3 and 1 or 2 geiierally should be 
transformed with respect to the independent variable to either the point 
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of origin of the data or other origin such as zero. This translation of the 
axis requires the substitution of z = X + h. For ready reference the func- 
tions necessary for the transformation of the parameters in terms of X to  
those in z are given in table 4. The value of h may be obtained from 
the number of observations, N ,  and the initial observation, zi. Equations 
for obtaining h are appended to table 4. For odd observations z i  is ex- 
pressed in the original units, but for even observations in half-units. 

In the calculation of equations to fit even numbers of observations the 
unit is half an interval. Therefore the unit of the original data must be 
restored by multiplying the parameters a, b ,  c, and 9 by 1, 2, 4, and 8, 

TABLE 3 

Fitnetions fool derivation of parameters j o y  or ig in  at midpoin t  of observations 

PARAYETERE $OR 2 - X + h 
___ 

(1 I b 0 i c  
I B  / C  

A - Bh 
A - Bh + Ch2 1 B - 2Ch 
A - Bh + Ch2 - Gk3 1 B - 2Ch + 3Gh2 , C - 3Gh G 

DEOREE 
OF 

EQVA- 
TlON 

1 
2 
3 

PARAMETERS 

TABLE 4 

Fomnzilae for transformation of equalions 

N - 1 For odd observations h = -- + z , ~  with z, in the original units. 
2 

For even observations h = LV - 1 + x , ,  with x, in half-units. 

iespectively. If, in addition, it is desired to alter the original measure 
of the independent variable, a, b, c, and g arc: to be multiplied by ?no, 7121, 

m2, and ms, in which nt is the ratio of the desired unit to the original 
measure. 

Frcqucntly a scries of experiments yields sets of parallel data, namely, 
with an equal number of observations for which a special set of factors can 
be derived by combining the values of table 1 or 2 with tables 3 and 4, 
with the inclusion of m so that the desired equation is obtained directly. 
Such a combination yields little if any advantage over the procedure of 
derivation and trnwformation in the case of third-order equations. But 
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for first- and second-degree expressions such procodurcs can Ic21d to 
economies if many sets of data arc to  be reduced. 

USE OF TABLES 1 .4ND 2 
The values of k,, in tables 1 and 2 8.q rcquired for the equation arc to be 

in which v is appc.iidcd iri pa ren thow t o  k ,  giiwi to multiplied by 

l..i131,1: 5 

Derivation of an equation for nil odd mcmbai o j  (ibscruations 

RAT WEIQQT 

g r a m  

58.6 
57.6 
57.1 
54.8 
54.2 
53.8 
51.4 
x.4 
50.0 
47.8 
46.7 
46.4 
45.3 
42.8 
42.3 
40.0 
39.1 
39.0 
37.0 
35.5 
35.0 

984.8 
481.1 

~ 

1466.9 

granir 

11.6 
12.7 
13.3 
14.1 
15.6 
16.1 
17 0 
18.0 
18.8 
'20.0 
21.9 
22.0 
22.9 
24.0 
24.1 
25.6 
27.6 
28.5 
29.5 
32.0 
32.5 

33.0 
148.1 

181.1 

qL N 
- ~ _ _ ~  

I ?rams 

i o  2 
l 70 3 

i o  1 
68 9 
69 8 
69 '4 
68 1 
68 4 
68 8 

l 67 8 
68 6 
68 1 
68 2 
66.8 

1 66 7 
I 65 6 
1 66 7 

67 5 
66 5 
67 5 
67 5 

1 l T 9  
I 3 3 0  , 1485.9 

,,lo nis 

47.u 
44.9 
13,s 
10.7 
35.6 
37.7 
3-1. -1 
32.4 
31 .?  
37 , s  
24.8 
24.4 
22.1 
18.8 
17.0 
14.4 
11 . 5  
10 I5 
7 . 5  
3.5 
2.5 

448.1 
984.8 

aGG7 

?l 
20 
19 
18 
17 
16 
15 
14 
13 
I? 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 

S W  = 1465.9; CWT = 7630.0; SWT* = 229,323.0; ZIYTS = 2,092,861.6 
(1) W - 33.41 + 1.2122' + 0.00438811 - 0.00021432'~ 
(2) W = 5.913 + O.22lSt + 0.0256112 - 0.000214313 
(3) W = 5.913 + 0.6654d + 0.2305d2 - 0.005786da 

eight places. 
of k ,  for which T is the same, subsequent values taking the same r .  

The exponent r is shown only for the first entry of a series 

EXAMPLES OF CALCULATIONS 

In tables 5 and 6 are shown the data of the weight of a suckling rat 
Table 6 taken a t  8-hr. intervals from the fourth to  the eighteenth day. 
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contains one more weight (60.9 g. a t  18 days, 8 hr.) than table 5 ;  thus the 
diffcrcnces in the treatment of almost identical data are illustrated in the 
cases of odd and even observations. 

The weights in the fir*& column of table 5 are, reading from the bottom, 
the wights of the last twenty-one 8-hr. periods; those of the second 

TABLE; 6 
Delionlion of an equation SOT an euen number of observations 

gram 

60.9 
58.6 
57.6 
57.1 
54.8 
54.2 
53.8 
51.4 
50.4 
50.0 
47.8 
16.7 
46.4 
45.3 
42.8 
42.3 
40.0 
39.1 
39.0 
37.0 

35.0 
1045.7 
481.1 

35.5 
- 

1526.8 

prams 

11.6 
12.7 
13.3 
14.1 
15.6 
16.1 
17 .O 
18.0 
18.8 
20.0 
21.9 
22.0 
22.9 
24.0 
24.4 
25.6 
27.6 
28.5 
29.5 
32.0 
32.5 
33.0 
4m 

pram8 

72.5 
71.3 
70.9 
71.2 
70.4 
70.3 
70.8 
69.4 
69.2 
70.0 
69.7 
68.7 
69.3 
69.3 
67.2 
67.9 
67.B 
67.6 
68.5 
69.0 
68.0 
68.0 

1526.8 
- 

DIFFERENCE 

gram6 

49.3 
45.9 
44.3 
43.0 
39.2 
38.1 
36.8 
33.4 
31.6 
30.0 
25.9 
24.7 
23.5 
21.3 
18.4 
16.7 
12.4 
10.6 
9.5 
5.0 
3.0 
2.0 

564.6 
481.1 

1045.7 

T 

43 
41 
39 
37 
35 
33 
31 
29 
27 
25 
23 
21 
19 
17 
15 
13 
11 
9 
7 
5 
3 
1 

ZW = 1,526.8; ZWT = 16,412.8; ZWTl = 1,000,842.0; ZWT3 = 18,877,307.2 
(1) 
(2) 
(2a) W = 5.247 + 0.3024t + 0.0226812 - 0.000182013 
(3) 

W = 33.99 + 0.6047T + 0.001098T* - 0.00002275Ta 
W = 5.247 + 0.15121, + 0.0056711: - 0.00002275l: 

W = 5.247 + 0.9072d + O.U)41d2 - 0.004914d3 

column, reading from the top, are of the first twenty-one periods. The 
weight at the midperiod was 33.0 g. In table 6 ,  twenty-two weights 
appear in each column and no weight for a midperiod. 

The third and fourth collllnns show, respectively, the sums and dif- 
ferences of the items of the first and second columns. A check on the 
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accuracy of these sum3 and diffcrcnces is sho\\n hy thc totals of the 
columns. 
ZW is obtained by summing the weights of the forty-thrcc obrervations 

of table 5 and of the forty-four obscrvations of tablc 6 .  
ZWT is the sum of the products of the items of columns 1 and 5 of each 

table. 
ZWT2 is the sum of the product of thc itciiis of column 3 and thc square 

of the items in column 5. 
BWT8 is the sum of the product of the items of column 4 and thc cube 

of the items in column 5.  
The values of IC, were taken for ,V = 43 in table 1 and A’ = 44 in tablc 2 

for the data of tables 5 and 6, respectivcly. 
Equation 1 in each talde rcprcscnts the data refcrred to  thc midpoint 

origin in terms of 8-hr. intervals. Equation 2 in each tablc show cqua- 
tion 1 translated to origin at birth of thc suckling rat through thc urc of 
h = 33 for tablc 5 and h = 67 for table G. Equation 2a of table 6 shows 
the restoration of thc original unit of measurement by multiplication of 
the successive paranietcrs by 1,2,4, and 8, respcctivcly. For odd ohserva- 
tions the value of z, was 12, as the first weight was recorded on the 4th 
day,-namely, twelve 8-hr. periods from zero origin,--but z, wah 24 for 
even observations, as the 4th day was twcnty-four 4-hr. periods removed 
from the time of birth. Equation 3 in table 5 shows the weight as a func- 
tion of age in days obtained from equation 2 by multiplying the cocfficients 
of t ,  t*, and t 3  by m, m2, and ma, respectively, in which m = d / t  = 3. 
Equation 3 of table 6 was similarly derived from equation 2a. All calcula- 
tions and transformations of equations in tables 5 and 6 mere carried out 
to eight significant figures and then rounded to four. 

The foregoing equations merely summarize the data and are not lo be 
regarded as expressions of the law of growth of suckling rats. The equations 
are excellent interpolation formulae but fail in extrapolation, as can readily 
be seen by their difference a t  zero time. 

REFERENCE 
(1) BAILY, J. L.: Ann. Math. Statistics 2, 355 (1931). 


